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Abstract. We show that the Aubry sets, the Mane sets and the barrier functions are the 
same for two commuting time-periodic Tonelli Hamiltonians. 



^_ . Introduction 
00 , 

^ ' In IICLL the relations between the dynamics of two commuting time-independent 

Tonelli Hamiltonians are studied, see also llZal . In this article, we will study the time- 
C/^ I periodic case. Although the ideas here are almost the same as the ones in ten . I think it is 

Q ■ still interesting to write them down concretely, since lack of energy integral makes things 

(-| ! more or less different (for example, failure of convergence of the Lax-Oleinik semi-group 

' IIFMII ). Moreover, the proofs of some results here are indeed different from or more difficult 

than the ones in the autonomous case. Furthermore, comparing with the autonomous 
case, we can derive almost nothing about the dynamics of the sum Hamiltonian from the 
^ dynamics of two given commuting time-periodic Tonelli Hamiltonians. 

> , 

. 1. Statement OF RESULTS 

(N 

■ Let M be a closed, connected C°° Riemannian manifold. Let TM and T*M be the tangent 

bundle and the cotangent bundle of M respectively. In local coordinates, we may express 
, them as 

O: TM^[{q,ci):qeT^M] 

and 

rM^[{q,p):peT;M] 

j_| ■ accordingly. 
. 5^ ! Let T = R/Z be the circle. A function H : T*M x T ^ R is called a (time 1-periodic) 

Tonelli Hamiltonian if H satisfies the following conditions: 

• H is fiberwise strictly convex, i.e., the fiberwise Hessian is positively definite for 
every (q,p, [t]) 6 T*M X T; 

• Completeness, i.e., solutions of the Hamilton equation are defined on the whole R, 
where [t] = t mod 1 for i € R and | • | is the norm on T*M induced by the Riemannian 
metric on M. 

Thanks to Mather theory llManll . IIMatll . IIMat2ll and its weak KAM approach llFa2ll . 
the dynamics of the Hamilton flow cjf)^ is well understood, in the case that H is a Tonelli 
Hamiltonian. 

Let {•, •} be the Poisson bracket. We also introduce another bracket [•, •]/ defined as 



• H has superlinear growth, i.e., ^^'^f!^^^^ +oo as \p\ — > +00; 



Supported by National Natural Science Foundation of China (Grant 10801071) and research fellowship 
for postdoctoral researchers from the Alexander von Humboldt Foimdation. 

1 



2 



XIAOJUN CUI 



We say that Hi and H2 are commuting (or, in involution) if [Hi, H2] = 0. In this article, we 
will consider the relations between the dynamics of Hamiltonian flow of Hi and of H2 
under the assumption [Hi,H2] = 0. 

Let us recall some fundamental notations of Mather theory IIMatll , IIMat2ll . For a Tonelli 
Hamiltonian H, let Lh be the Lagrangian associated to H by Legendre transformation: 

here p and q are related by 4 = • Throughout this paper, we use Xh to denote the 

(time-dependent) Legendre transformation from the tangent bundle TM to the cotangent 
bundle TM, i.e., 

... . dH{q,pAt]) 
£H{q) ^p ^ q^ , 

where the time-dependence will be apparent in the context. Let 



lin I Lndu, 
f J 



aniO) - -min 

f 

where the minimum is taken over all invariant (under the Euler-Lagrange flow (^[^ of L, 
which is defined on the extended phase space TM x T) Borel probability measures. We 
say that an invariant Borel probability measure p is minimal if J L^dp - -aH(0). Let 9Jt 
be the set of minimal measures. Let the Mather set be 

Mh = = closure of { U^^em support of /.i} c TM x T. 

The set 

Mh=Mlh= -ChMh c TM X T 
is also called the Mather set. Throughout this paper, let n be the projection of T*M x T, 
T*(M x T) or TM x T along the associated fibers onto M x T or M, according to the 

circumstance. The projection of Mh (or Mh, equivalently) into M X T is called the projected 
Mather set. We denote it by Mh = Mi„. 

For any T > and any two points {qi, [ti]), {qz, [ti]) 6 M X T, let 

hliiqi, [h]), {qi, M)) = inf P (Lh + aH(0))(y(0, 7(0, Wi, 

I Jti 

where minimum is taken over all absolutely continuous curves y : [ti, tz] — > M with 
yih) = qi,y{h) = qi and t2-ti> T. Let 

hH{{qiAh\),{q2Ah\))= lim hl{{qi,[h\),{q2,M)). 

T— >+c« 

Let 

PH{{q\,{h]),{qi, [h])) 

= pLH{{qiAh\),{q2,{t2\)) 

= hniiqi, Ml {qi, M)) + hniiqi, [ti]), (qi, [ti])). 

We say that an absolutely continuous curve y : R — > M is a weak minimizer, if for any 
compact interval [a, b] and any absolutely continuous curve 71 : [a, b] — > M such that 
yi{a) = y{a), yi(b) = y{b), we have 

LH{y{t),y{t),m)dt < LH{yi{t),yi{t),{t\)dt. 

Ja J a 

We define the set of weak minimizers to be 

Wh = WL„ = u((y(0,7(0,m) 

: y is a weak minimizer |. 
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Thus Wh'^TMx T. Let 
Then, WhC TM x T. 

We say that an absolutely continuous curve 7 : R — > M is a minimizer, if for any 
compact interval {a,h\ and any absolutely continuous curve 71 : — > M such that 
Yi{(ii) - y{'^)> 71(^1) = fli - fl e &i - 6 we have 

(Lh + aHmiyit), fit), [t])dt < I {Lh + anmin (0, 7i (0. Wt. 

We define the Mane set 

Nh = = U j(7(f), y(0, [f]) : 7 is a minimizer j c TM X T. 

Let 

Nh^Nlh^ £hNh c T-M X T, 
and it is also called the Mane set. 

Let 7 : ]R ^ M be a minimizer. Let {qa, [ta]) be in the a-limit set of {y{t), [t]) and (qco, [taj]) 
be in the a;-limit set of {y{t), [t]). If pniiqa, {ta\), {qa>, [tco])) = 0, we say that 7 is a regular 
minimizer. Let 

- ^Lh - u{(7(0/7(0/ [^]) : 7 is a regular minimizerj. 
Clearly, Ah £ Nh- We define 

Ah=Alh= -ChAh- 

Let the projected Aubry set 

Ah = Al„ 

and the projected Mane set 

Nh = Nl„ 

be the projections of 

Ah=Alh and Nh^Nlh 

into M X T respectively. 

It is known that pn is a pseudo metric on Ah, and the induced metric space is denoted 
by (Ah, Ph)- This is the so-called quotient Aubry set. 

We have the following inclusions: 

MhQAhQNhQWh ■ 

In this article, it is also convenient to define some associated sets in the symplectic 
manifold (T* (M X T), dp Adq + dx A dt). We define 
the extended Mather set to be 

. e 

Mh= {{q,p, [tl k) : iq,p, [t]) eMn and H{q,p, [t]) + k = aniO)}; 
the extended Aubry set to be 

Ah= {iq,p, [t], k) : (q,p, [t]) eAn and H(q,p, [t]) + k = aniO)}; 
the extended Mane set to be 

Nh= {{q,p, [t], k) : (q,p, [t]) 6Nh and H{q,p, [t]) + k = aniO)}. 
It should be mentioned that these sets have been studied previously, for example, 
in |BeH . Clearly, n :Ah^ Ah is also a bi-Lipschitz map. 



4 XIAOJUN CUI 

Now we define Mane potential: 

[h]\ {qi, [h])) = inf {Lh + aH(0))(7(0, 7(0, Wt, 

where infimum is taken over all absolutely continuous curves 7 : [fp ~* ^ with 
y{t[) = qi,y{t'^) = q2, [t[] = M and [t'^] = [fz]- Clearly, (/)h < /ih- 

Now we say ICISII that <p : MxT ^ Ris a backward (resp. forward) weak KAM solution 

if 

1) . (p is Lh + a{0) dominated, i.e., 

(piqi, [ti]) - (piqi, [ti]) < 4>H{{qi, Ui]), {qi, [ti])). 

We use the notation (p < Lh + «h(0) to denote this relation. 

2) . For every {q, t) e M X R, there exists a curve 7 : (-00, t] — > M (resp. 7 : [t, 00) ^ 
M) with 7(t) = g such that (/)((?, [t]) - (/)(7(s), [s]) = £{Lh + aHmiy{t),yit),[t])dt (resp. 
c/)(7(s), [s]) - (p{q,[T]) - f^i^H + (XH{0)){y{t),y{t),[t])dt). In this case, 7 is called to be a 
backward minimizer {resp . forward minimizer) from (q, [t]). 

Let iS^ (resp. S^) be the set of backward (resp. forward) weak KAM solutions. 

Now for fi < ^2 £ IR/ we introduce two families of nonlinear operators (Tj^^^ f^) and 
(^Hfi respectively, i.e., the so-called Lax-Oleinik operators. To define them, let us fix a 
function u € C°(M, K). For q eM,we set 

^hmA^) = inf |"(7(^i)) + r '(^H + aH(0))(7(0,7(0, mdi], 

where the infimum is taken over all absolutely continuous curves 7 : [fi, {2] — > M such 
that 7(f2) = q. Also, for q e M, we set 

Tut^tAl^ = supjw(7a2))- r(LH + aH(0))(7(0,7(aWW4' 

where the supremum is taken over all absolutely continuous curves 7 : [fi, ti] — > M such 
that y{ti) = q. 

So far, we can state our main results as follows: 

Theorem 1. Let Hi, H2 be two Tonelli Hamiltonians Hi, H2. If [Hi, Hz] = 0, then 

Hi,fi,t3 H2,to,t'i H2,t2,t3 Hi,to,t2 ' H\,i\h HiXoih Hihih Hi,to,t2 

for any u e C°(M,R) and to < ti < t^ and to < tz < t^ with t^ - ti - t2- to (and, certainly, 

ti-to- to, - tz). 

Remark. The autonomous version of Theorem 1 appeared in [BT] , see also IICLL llZall for 
a variational discussion. 

Theorem 2. Let Hi,H2 be two Tonelli Hamiltonians. lf{Hi,H2\ - 0, then S'^^ = and 

^Hi ^ ^H2 

Now we recall the definition of barrier functions IIMat2L The first barrier function 

BH{q,{t]) = hH{{qAt\)XqAm; 

the second barrier function 

bniq, [t]) = min {hui^, {q, [t])) + hnHq, [t]), Q - hui^, 01- 
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Theorem 3. Let Hi,H2 be two Tonelli Hamiltonians. If [Hi,H2] - 0, then Bhi((J, [f]) = 
^Hiicj, [t]) and bHiiq, [t]) = bH2{q, [t])- 

, e , e 

Theorem 4. Let Hi,H2 be two Tonelli Hamiltonians. If {Hi,H2] - 0, then Ahi-Ah2 and 

, e , e 

This article is organized as follows. In section 2, we recall some fundamental properties 
about weak KAM solutions and viscosity solutions (subsolutions, supersolutions, and so 
on), which will be useful in the sequel. Then, we will prove one Theorem in each 
section sequently. In section 7, we pose a conjecture, which is motivated by a previous 
autonomous result (Theorem 6, IICLII ). In section 8, we provide a remark, which illustrates 
some differences between the time-periodic case and the autonomous case. 

2. Weak KAM solutions and time 1-periodic viscosity solutions 

In this section, we will recall some relations between backward weak solutions and 
time 1-periodic viscosity solutions, for the Hamilton-Jacobi equation associated to a time 
1-periodic Tonelli Hamiltonian. We will also recall some properties of Lax-Oleinik oper- 
ators. The autonomous version of these results is well known, thanks to the weak KAM 
theory ||Fa2L For the time-periodic case, nice expositions appeared in [BRl, ||Be3L and we 
will summarize them in this section with slight modifications. To the best of the author's 
knowledge, it is Zhukovskaya who first realized that viscosity solutions coincide with 
minimax solutions (i.e., backward weak KAM solutions in Tonelli systems) for convex 
systems (including Tonelli ones) |Zhl| . [Zh2| . 

Let H be a time 1-periodic Tonelli Hamiltonian. Consider the Hamilton-Jacobi equation 

H{q,dcj(p, [t]) + dt(p = aniO). 
Then we have, (see for example , iBeSH . llBRll . IICSH , IIZhTH . llZhl ) 

Proposition 2.1. A function (p : MxT —> Kis a backward weak KAM solution if and only 
if is a Lipschitz viscosity solution. Moreover, for any n € C^{M, R), we have 

(/)((?, = liminfr;^^^j+„M((?) 

is a time 1-periodic Lipschitz viscosity solution. Also, a Lipschitz function : M X T — > R 
is viscosity solution if and only if for any ti < t2, we have t^^C'' [^iD - ^i'' Ih])- 

Let us recall some properties of Lax-Oleinik operator IIBR|I , ||Be3l| : 

• Markov property, this means that 

for any u € C°(M, R) and ts > t2 > ti e R. 

• Contraction, i.e., 

II^H,ti,t2"l - ^H,ti,t2"2llco < ||Mi - U2II00, 

for any two continuous functions Mi, 112 e C°(M, R) and t2 > ti. 

• fi f2 compact, order-preserving and ^^{k+u) - k+T^ ^^u for any real number 
fcandany M 6 C°(M,R). 

Certainly, there are also analogous properties for T+ ^ ^ . 
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3. Proof of Theorem 1 

Let H{q, p, [t]) be a time 1-periodic Tonelli Hamiltonian. We regard that the Hamiltonian 
flow (p*^ is defined on the extended phase space T*M x T. We may also associate it to an 
autonomous Hamiltonian 

Hiq,p, [tlx) = K + H{q,p, [t]), 

defined on symplectic manifold (T*(M X T), dp Adq + dx A dt). The associated Hamiltonian 
flow is 

(/)^ : {q, p, \t\, k) ^ ((/)^(^?, p, \t\), X + H{q, p, - H{cj)%{q, p, [t]))). 
Clearly, [Hi, Hi] = if and only if {Hi^Ha} = 0. 

For simplicity of notations, we also introduce the notation h^^'^^\ which is defined by 

h^H"%i. qi) = inf [\lh + aH(0))(y(f), 7(0. [n)dt, 
where t2 > ti e M. and y ranges over all absolutely continuous curves with y{ti) — 

qi,y{h) = qi- 

We only prove the first equality, and the second equality in the theorem can be proved 
analogously. 

For any point qo ^ M and fo, fi, ^2/ ^3 as the conditions of Theorem 1 required, we will 
prove that 

By the definition, 

= min(M(y) + h^^°'*%,x) + h^^^f'\x,qo)). 

x,yeM 2 J -11 

Clearly, there exist two points xq, yo such that 

rH,,,,3^H,M:"(^o) = uiyo) + h^i,f%o,xo) + h^;if'\xo,qo). 

We assume that 

71 : [to, h] M and 72 : [h, ^3] ^ M 
are two weak minimizers that reach h^^^^^\yo, xq), h^^^^^^ (xq, qo) respectively. In other words, 
these two curves 71, 72 satisfy: 71(^0) = yo,yiih) = 72{fi) = ^0,72(^3) = qo and 
-h 



f 

Jtn 



{Lu2 + aH,(0)){7i(0,7i(0, [t])dt = h^l;>f %o,xo\ 



{Lh, + aH,(0))(72(0. 72(f), [t])dt = h'^Y'Kxo.qo). 

'h 

Now we have 



Lemma 3.1. £^2(71(^1)) = (72(^1))- 

The proof of this lemma is just a standard variational discussion. In autonomous case, 
there is a proof in fCLf. For time-periodic case, only some trivial modifications are needed. 
So, the proof is omitted. 

We denote 

i:H,(7i(fi)) = XHi (72(^1)) 
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Now we introduce an auxiliary variable kq and regard (qo, po, [to,], kq) as a point in r*(M x 
T). Thus, 

= w(yo) + j'{pdq-Hidt)[cj)'^^^{xo,p'',[ti])\[o,t3-t,]) 

+ J - H2^^^)((/)H2(^o,p^ [^i])l[to-ti,o]) 
+ {t3 - h)aH,{0) + ih - toJauM 

= u{yo) + j'{pdq + Kdt)[cj)^^^{xo,p'',[hlK'')\[o,t3-h]) 

+ J ipdq + KdO((/)^^(xo,p*, [fi], K*)|[to-ti,o]) 

+ (f3-ii)aH,(0) + ai-fo)aH2(0) 

- (f3 - h)Hr{xQ,f, [hi k") - ih - ^o)H2(xo,p^ [fi], K*), 

here, and in the following, pdq — Hdt is regarded as a smooth 1-form on T*M x T and kq 
and 7c* are related by 

Assume that 

Let 74 : [i2/ ^3] ^ M be the curve such that 

" ■ (pH^i'^O'Po, [f3])l[t2-t3,0] = 74- 

Similarly, let 73 : [fo, ^2] ^ M be the curve such that 

" : (/'Hj (74(^2), (74(^2)), [i2])l[to-t2,0] = 73- 

Since [Hi,H2] = 0, then {Hi,H2} = 0, and so we have 



+ 

+ 
+ 



XIAOJUN CUI 

Hence, 

+ f {Lh, + aHM)iy3it),y3it),[t])dt 

Jto 

+ r '(Lh2 + an^minit), 74(0, 

Jt2 

= u{yo) + Jipdq + Kdt){^cj)^jj^iyo,£H2i7i{k))AtoiK%o,t2-to]) 
+ J {pdq + Kdt){(p^^^{qo,po, M, Ko)\[t2-t,,o]) 

it2-to)aH,{0) + {t3-t2)aH2iO) 
u{yo) + J {pdq + Kdt)[(p^jj^{xo,p'', [ii],K*)|[o,t3-fi]) 

J {pdq + Kdt)[cj)'^^^{yo,£H2{yi{to)l Ikl K)\[o,h-to]) 
{h - to)aH2{0) + {t3 - h)aHM 

(f3 - fl)Hl(Xo,p^ [hlK") - (h - to)H2{Xo,p\ [hlK") 

= '^H„H,tjH2,to,h^^{lo), 

where the first inequality follows from the definition of Lax-Oleinik operators; the first 
equality follows from direct calculation; the second equality follows from Stokes' formula 
and the facts that {-f?i,H2} = and that both Hi and H2 are constants on all of these 
trajectories. More precisely. Stokes' formula is applied as follows: 

J {pdq + Kdt){(p^^^{yo,£H2{yi{k)), M, K)\[o,t2-to]) 

+ J {pdq + Kdt){(p*^^{qo,po, [fa], Ko)|[f2-f3,o]) 

- J {pdq + Kdt){(p^^^{xo,p'',[tiiK'')\[o,t3-h]) 

- J {pdq + Kdt){(p^^^{yo,£H2{yi{to)),[tolK)\[o^ti-to]) 
= 1 dp Adq + dx Adt 

^'P'u^\lt0-t2,0]('P'H^(l0,P0,[t3]M)\lt2-t3,0]) 

= 0, 

here the first equality is a direct application of Stokes' formula, the second equality holds 
by the following reason. The tangent space to the closed region 

(which is a manifold with piecewise-C^ boundary or a piecewise curve, depending 
on whether X^^ and X^^ are independent somewhere, by smooth dependence of ODE on 
initial conditions, see for example IIHarll ) is sparmed by X^^ and Xjj^ (here, X^j denotes the 
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Hamiltonian vector field of Hi with respect to symplectic structure dpAdq+dKAdt,i - 1,2). 
Since {Hi,f?2} = 0, 

(dp Adq + dx A dt)(Xfj^,Xg^) = 0. 

The opposite inequality can be proved similarly. So far, the proof of Theorem 1 is 
completed. □ 



Let ^^,1 = T^,o4 ^^'i 



It is known that [T^J (resp. {T^„}) composes a discrete semi-group, by the Markov 
property of Lax-Oleinik operators. Then, a particular form of Theorem 1 is : 

Proposition 3.1. Let u € C°(M, R), then 

for any n, € Z"*", here Z"*" denotes the set of nonnegative integers. 

By the result of Bernard |Be3[ , we know that for any continuous fvinction u, if 

u - liminf TTt M, 

then 11* is a fixed point of T^^. Denote the set of fixed points of r+ ^ (resp.T^,^) by S'^^ 
(resp. iS^g). It is known IIBe3ll that, both two sets S'^q and S'^^ are nonempty. Moreover, 
we also know that the time 1-periodic function 

cp\q,t) = T-^^^ ^u{q), f £ R 
is a weak KAM solution (or, equivalently, time 1- periodic viscosity solution) of 

H{q,d^({), [t]) + dt(p = aniO), 
for any u* e vS^q. Now we claim that 

Proposition 3.2. 5"^ ^ n 5"^ ^ t 0,5+^ ^ n 5+^ ^ ^ 0. 

Proof. We only prove the first relation. 

Choose u e Sj^^ q. By Proposition 3.1, we know that 

for any n, e Z""". So, T^^ £ vS^^ q for any k € Z"*". Now let 
Then, clearly we have 



u* - lim inf T„ ,u, 

k—>oo 2/ 



In fact, we also have 
Lemma 3.2. u* € ST, „• 

Proo/. (of the Lemma.) By the definition of Sjj q, we only need to show that for any point 
q eM, 

u{q) = T" ^u{q) = min(w*(rji) + h^^^^{qi,q)). 

For simplicity of notations, we let - T^^ ^ii. Note that U/t ^ o each fc € Z"*". 
Also, recall that the family of Ui is equi-continuous l|Be3L 
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For every k e Z"*" and any two points q, qi 6 M, we have 



[041/ 



since e S^^ q. Then, u*{q) < u*{qi) + h^^'^ \qi, q). Thus, we obtain 

u{q) < mi iuiqi) + h^°'}\qi,q)) = T" y{q). 

On the other hand, let us fix arbitrarily an e > and choose a subsequence U)t,(7 > 3) 
such that u*{q) > Ui.{q) - e. For each 3 < ; € Z+, choose a point qj 6 M such that 

Since M is compact, we may assume that qj q* by taking a subsequence if necessary. 
Then, there exists a /q such that U]^.{q*) > u*(q*) - e, when / > ]q. Since the family is 
equi-continuous, there exists ]\ > jo such that for ; > ji, 

Ukjiqj) > u\qj)-2e. 

Hence, for / > ji, we have 

u*(q) > u^.iq) - e = Uk.{qj) + h^°'^\qj,q) -e> u*{qj) + h^^'^\qj,q) - 3e. 

As a consequence, we have u*{q) > T^^ iU*{q) - 3e. Since this inequality holds for any 
e > , we obtain 

u*iq) > T-^^^uiq). 

Thus, Lemma 3.2 follows. 

□ 

Now the proof of Proposition 3.2 is completed. □ 
Furthermore, we also have 
Proposition 3.3. 5"^ n vS"^ 0,5+^ n 5+^ 0. 

Proof. We also only prove the first relation. 

Choose u e Sj^^ ^ n Sj^^ q, we will prove that T^^ ot^ ~ o f" ^ ^ 

For f = 1, it follows directly from the definitions of Sj^^ ^ and of Sj^^ q. 

Now we consider the case t e (0, 1). Otherwise, there exists a point qo ^ M and a 

rational number to e (0, 1) such that 

^Hi,ato"(^o) ^ T-^,o,to^i{qo). 
Without loss of generality, we may assume that 

T^HM^i^o) < TH,,o,tU{qo)- 
Assume that ko is the smallest positive integer such that fco^o ^ Then, 

= ^H2A2fo"('?o)' 
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here, the first equality and the third equality follow from Markov property of Lax-Oleinik 
operators; the second equality follows from commuting property of Lax-Oleinik operators 
(Theorem 1); the two inequalities follow from the order-preserving property of Lax- 
Oleinik operators. 

By induction to the (/cg - l)th step of this procedure, we obtain 

This contradiction proves Proposition 3.3. □ 
Proposition 3.4. Hal- = aH2(0);Hi|.'- = aHi(O). 

Proof. Throughout this paper, d(p denotes the closure of the set of 
{{{q, [t]),d^q,[t])'p)\'P is differentiable at {q, [t])}. 

Choose (p* € Sjj^ n vS^^, we have aH2{0) = ^2!^- Since AhjS dcj)*, the first equality 
holds. The second equality follows analogously. □ 

4. Proof of Theorem 2 

Let (p e vS^^ . Since (p is Lipschitz, (p is differentiable almost everywhere (with respect 
to Lebesgue measure (i.e., volume induced by the product Reimennian metric on M x T, 
the first factor is the Riemannian metric on M, the second one is the Euclidean metric on 
T. In fact, which Riemannian metric we choose does not matter at all, since any the two 
volumes as measures with respect to any two Riemannian metrics on a closed Riemannian 
manifold are absolutely continuous with respect to each other), by Rademacher 's theorem. 
Now choose any differentiable point {qo, [to]) of (p, then there exists a unique backward 
minimizer y : {-00 Jq] M with y{to) = qo and Xhi(7(0) ^ d^cp. Then the associated 
trajectory of Hi is 

i{qo,dq<iAqo,to),to)' ^0)' [^0]) ^('Plii'l' dq(p{qo, to), [to]))), 

here s € (-00, 0], kq + Hi{qo, dq{qo, to), to) - au^ (0). Since [Hi, H2} - 0, H2 is constant along 
this trajectory, hence on its closure. Note that the limit set of (i)!, , , , . , r. lies in the 

Aubry set An^ , thus the limit set of 

('^'k(qoA('fo,fo),fo)' + '^q^(lO' ^o)/ [to]) - H{cpl^iq, d^cpiqo, to), [to]))) 

lies in the extended Aubry set A^j/ by the choice of kq. By Proposition 3.4, we have 
Hilj^ = aH2{0). Thus, 

(1) H2{q, d^cpiq, [t]), [t]) + dtcpiq, [t]) = a^^ (0) 

at any differentiable point {q, [i]) oi(p. By the relation of time 1-periodic viscosity solutions 
and weak KAM solutions, we know that is a viscosity solution of Hamilton-Jacobi 
equation 

Hi{q,dqCp, [t]) + dfCp ^ uhM- 
Hence, (p is a semi-concave (not necessarily with linear modulus, see IICSII for the details) 
function on M X T. So, by (1), clearly we have (p is also a viscosity supersolution of 

H2{q,dci(p{q, [t]), [t]) + dt(p{q, [t]) = auM- 

The deduction that (p is viscosity subsolution of 
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H2{qJ^(p{q, [t]), [t]) + dtcpiq, [t]) = anM 

from (1) also appeared in IICSL by the fact that the set of upper-differential (this termi- 
nology was called subdifferential in ICSII ) is the convex hull of the set of reachable gradient, 
and the fact that H2 is convex (not necessary to be strictly convex) with respect to the 
variable (p, k) in our case. The reader is advised to look at l|CSII for more details. 

Now we have proved that (pis a backward weak KAM solution of 

Hi{q,dci(j), [t]) + dtcj) = aHi(O) 
if and only if is a backward weak KAM solution of 

H2{q,d^(p, [t]) + dt(p = an^iO), 

That is STj = St, . 

til ti2 

Analogously, by the symmetric Hamiltonian method (as in ||Fa2L IICLL with slight 
modifications) we have that (pis a froward weak KAM solution of 

Hi{q,d^(f), [f]) + dt(/) = aHi(0) 

if and only if is a forward weak KAM solution of 

H2{q,dcf(p, [t]) + dt(p ^ au^iO). 

More precisely let H{q,p, [t]) - H{q, -p, [-t]), it is easy to check that (p e if and only 
ii (p e Sz, and [Hi,H2] = if and only if [Hi,H2] - 0. Thus the discussion above in this 
section applies. 

Up to now. Theorem 2 is proved. 

5. Proof of Theorem 3 

Let us begin this section with a definition. 

Definition 5.1. For a Tonelli Hamiltonian H, we say that (p- G Sj^ and (p+ £ are 
conjugate with respect to Hif (p- - (p+ on the projected Mather set Mh- If (p- and (p+ are 
conjugate with respect to H, we also denote this relation by (p- ~h <p+- 

Based on this definition, we can express equivalent definitions l|Fa2|| of Ah,c and of Nh,c 
as follows: 

Ah = r\[iq, [t]) : (p.{q, [t]) = (p+{q, [t]), where (p- e Sjj, (p+ e vS+, (p- ~h (p+] 

and 

Nh = ^{{q, [t]) : (p-{q, [t]) = (p+{q, [f]), where £ vS^,(/)+ € ~h <p+\ 

Consequently, we also have l|Fa2|| 

Ah= ^[{q,vAi\,K)\<P-{q,{i\) = <p+{q,{i\),{p,T^) = #- = d(p+,(p- e S^,(p+ e S^,(p- ~H (p+}, 

Nh= ^{{q,pAtlK)\(p-{q,[t]) = (p+{q,[t]),{p,K) ^d(p- = d(p+,(p- eSjj,(p+ eS^,(p- ~h (p+], 

Ah= <^{iq,p,[t])\(p-{']'[i]) = (p+i^r {t]),p = dci(p- = dcj(p+,(p- £ Sjj,(p+ £ <S^,^- ~H (p+}, 
and 

Nh= u{((j,p, [t])\(p-{q, [t]) = (p+{q, [t]),p = dqcp- = dcj(p+,(p- £ Sjj,(p+ £ S^,(p- ~h (p+}- 

, e , e , e , e 

Proposition 5.1. If [Hi,H2] = 0, then Mhi^Ah.'Mh^^Ahi- 
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, e , e 

Proof. We only need to show that Mh^QAh2' by the symmetry of Hi and H2. By weak 
KAM theory ||Fa2L we have 

Now we need the following lemma: 

. e 

Lemma 5.1. is invariant under the flow cb^- . 

Proof. The proof follows from the symplectic invariance of Mather set IIBell , as cued by 
Sorrentino IISoL In fact, for any fixed f e K, is a Hamiltonian diffeomorphism on 

T{M X T). Moreover, Hi((/)j^^) = Hi, since Hi is constant on the trajectory of H2. In other 

words, d)^- *Hi = Hi . By the result of Bernard IIBelL we have 

here (h[-. *Hi is the function defined as: 

(p*^jHi{qo,po, [to]) = Hi{(p^^{qo,po, M, kq)) - kq. 

Note that the definition of cp^^ *Hi is independent of the choice of kq. 
Since cb^- *f?i = Hi, we have (b^~ *Hi - Hi and 

consequently. □ 

In IIMasL the following lemma appeared: 
Lemma 5.2. For any two points {qo, [to]), {(ji, [h]) e M x T, we have the following equality 

hnHqo, [to])f iqi, [h])) = sup [cp-iqi, [h]) - <p+{qo, [to]) ■ <P- e Sjj, e S^, (j)- ~h (p+}- 

Moreover, for any given two points {qo, [to]), i^i, [ti]) e M x T, this supremum is actually 
attained. 

As a consequence of this lemma, together with the definition of conjugate pair of weak 
KAM solutions, we have 

Corollary 5.1. 

hnHqo, [to]), iqi, [ti])) = sup [(p-iqi, [ti]) - (p-iqo, [to]) ■■ (p- e vS^) 

for any two points {qo, [to]), (^1/ [^iD ^ ^H- Moreover, for any given two points {qo, [to]), (^i/ [ti]) 
Ah, this supremum is actually attained. 

, e , e 

Choose any point {qo,po, [to], kq) ^Mh^, we will show that {qo,po, Uol kq) ^Ah^- 



e 
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First, we will show that n o (p*^ {qo,po, [^o]/ t<o) is a minimizer with respect to Lhj- For 
any ti < t2 ^ R, we have 



I 



Ln^in o cj)^^^{qo,po, [to]), j^{n o cp^^^{qo,po, [to])), [t + to])dt 
J (H2((^^^(^?0,P0, [^o])) + K{t))dt 



+ 

'h 

r'K . d 

+ I 

J (pdi? + Kdt){(p^^^ {qo, po, [to], Ko))dt 



= (p-{n o (pl{qo,po, [fo],Ko)) - (p-{n o <plJ,qo,po, UoIkq)) 

< (pHiiin o (p^^^iqo,Po, [to], Ko), [to + ti]), {n o (p^l^iqo,po, [to], ko), Uo + ti])), 

where cp- e Sjj^{- SjjJ; K{t) is the last component of the flow {qo,Po, [to], ^o); the first 
equality follows from the fact that HiifpU iqo,po, [to], t<o)) = ctHzCO)/ since H2I = ocHii^)', 
the fourth equality follows from the fact that 

(p*jj^{qo,po,[to],Ko) ^Mh,^ n^_g5-Jd(/)_) = (^^_^s-^^y<P-\, 

the inequality follows from the fact that p- e Sj^^ (Since (p- e Sj^^, then (p- < +aH2(0))- 
Thus, 

. e , e 

Mh.^Nh, ■ 

Hence, we only need to show that pHiiiqa, [ta]), iqa,, Uco])) = 0, for any point {qa, [ta]) 
lies in the a-limit set and any point {qa},[ta>]) lies in the cy-limit set of 7Z o (^^^((^Q/Po) 
in M X T. Clearly, both (qa, [t^]) and {qa„ [tat]) lie in Ah2, since n o p*^^{qo,po, [to]) is a 
minimizer with respect to L^j- Thus, we can use the formula in Corollary 5.1 to calculate 

pH2{{qa,[ta]), {qa„[taj]))- 

pH2iiqa,[ta]), iqc, [ta,])) 
= hu^dqa, [ta]), {qa„ Uai])) + hH^iiqw, [tw]), {qa, Ua])) 

= sup [p-iqco, [ta,]) - (p-{qa, Ua]) ■ (p- ^ S^Jj 

+ sup [4>-{qa, [ta]) - Uw]) ■ 4'- ^ ^hJ 

= sup [p-iqai, [tco]) - (p-{qa, [ta]) ■ <p- ^ 

+ sup [lp-{qa, [ta]) - lp-{qw, [tco]) ■ ^- G 

= hn, iiqa, [ta]), {qa„ Ua,])) + {{qa,, [to,]), {qa, [ta])) 

= pHi{{^a,[ta]),{qa„[ta,])), 
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where, the second and the fourth qualities follow from Corollary 5.1; the third equality 
follows from the fact that STj - STj . 

Now we claim that pu^Hqa, {ta\), {qa, {to,])) = 0. Since {qa, [ta]) and {qoj, [toj]) lie in the 
a-limit set and cu-limit set of tt o </)|:j^(<jO/PO/ [fo]) respectively, there exist f,, +00 as 
/, k ^ +00, such that 

n o (/)^^(rjo,po, [to]) {qa, [ta]), n o (/)^^(^?0/P0, [to]) {qa,, [fa,]). 

Now we have 

PhM ° (pH2'^^o,Po), n o (p*^^{qo,po, [to])) = 0, 
since n o (l)^^{qo,po,[to]) and n o (p'^^^{qo,Po,[to]) can be connected by a curve n o 
(pli^{qo,Po, [to]) which lies in Mhj and pHi satisfies 

PH,{{qo,[to]),{qi,[ti]) < C{d{qo,qi)^ + |[fi] - [^oll^) 

for each {qo, [to]), {qi, [ti]) e Ah^ IIMat2L where C is a constant, d is the distance induced 
by the Riemannian metric, and \[ti] - [to]\ means the distance of [^o] and [fi] on the circle 
R/Z. So, 

pHi{{qa,[ta]),{qa„[tc])) = 0, 

by taking a limit. 

Thus, Proposition 5.1 follows. □ 

Proposition 5.2. Assume that [Hi,H2] = 0. Let cp- e Sj^^ - Sj^^, (p+ e S^^ - S^^. Then 
(p- and (p+ are conjugate with respect to Hi if and only if (p- and (p+ are conjugate with 
respect to H2, i.e., cp- ~Hi (p+ <=^ (p- -H2 <P+- 

Proof. It is a direct consequence of Proposition 5.1 and the fact IIFa2ll that 

Ah = n{{q, [t])\(P-{q, [t]) = (P+{q, [t]), cp. e 5" , (/)+ £ ^+ , (/)_ ~h (/)+). 

□ 

In llFaTH , llFa2H , Fathi showed that 
Lemma 5.3. 

Bdq, [t]) = sup {cp4q, [t]) - cp+{q, [t])\cp. e 5^, cp+ e <S+ , (/)_ -^h (p+}, 
and, moreover, the supremum is attained for each {q, [t]) £ M x T. 
Recall that 

bH{q,[t]) = inf {hH{^,{q,[t])) + hH{{q,[t]),Q-hH{^,Q] 

( = min {hH{L {q, [t])) + hH{{q, [t]), Q - hn{E, Q]]. 

In fact, the autonomous version of following lemma also appeared in IIFalL for the 
proof, see also IICLi We can obtain the time-periodic version with slight modifications: 

Lemma 5.4. 

bH{q, [t]) = inf [u-{q, [t]) - u+{q, [t])\u- € 5^, u+ € S^, U- ~h "+}• 

Moreover, the infimum is attained for each {q, [t]) e M x T. 

Now Theorem 3 follows from Theorem 1, Proposition 5.2, Lemma 5.3 and Lemma 5.4. 
Clearly, we also have 

Corollary 5.2. {Ah^, PHi) and (Ahj, PHj) are isometric. 
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6. Proof of Theorem 4 

Since 

Ah= '^{{q,p,[tlK)\(p-{q,[t]) = (p+{q,[t]),{p,K) = c/(/)- = d(p+,(p- € <S^,(/)+ € ~h 
and 

Nh= ^{{q,pAtlK)\(p-{q,[t]) = (l>+iq' W)/(P'K:) = d(p- = d(p+,(p- e <S^,(/)+ £ ~h (/)+}• 

Theorem 4 follows from Theorem 1 and Proposition 3.2. 
Corollary 6.1. Let Hi and H2 be two Tonelli Hamiltonians. If [Hi,H2] = 0, then 

and 

7. A CONJECTURE 

For an autonomous Tonelli Hamiltonian H, Bernard ||Be2|| proved the existence of C^'^ 
critical subsolution, i.e., 

H{q,dcju) = aniO) 

admits at least one C^'^ subsolution. Based on this result, still in the autonomous case, it 
was proved that two associated Hamilton-Jacobi equations have at least one common C^'^ 
(critical) subsolution, if the two Tonelli Hamiltonians we considered are commuting MCLL 
[ZaL For a time-periodic Tonelli Hamiltonian, Massart IIMasll has proved the existence 
of a critical subsolution. Also, in a work in preparation |Be4], a student of Bernard 
proved the existence of C^'^ critical subsolution. Namely, Hamilton-Jacobi equation 

H{q,dq(p, + dt(p ^ auiO) 

has at least one C^'^ subsolution. In view of these previous results, it is natural to pose 
the following conjecture, as a counterpart of Theorem 6 in IICLII : 

Conjecture 7.1. Let Hi,H2 be two Tonelli Hamiltonians. If [Hi,H2] = 0, then there exists 
at least one common C^'^ subsolution for 

and 

H2iq,dq(p, [t]) + dt(p ^ aH^iO). 

8. A FINAL REMARK 

For the time-periodic case, in general we cannot obtain [Hi -I- H2,Hi] = or [Hi -l- 
H2,H2] — under the condition that [Hi,H2] = 0, due to the influence of time factor. So, 
we cannot obtain the dynamical information of Hi -I- H2 directly, as in the autonomous 

case ICLi It seems to the author that when [Hi,H2] = 0, the relations between AH1+H2 

and Ahi (=Ah2)/ Nhj+Hz and Nhi i^NHi), Bhi+H2 and Bhi(= Bh^), ^Hi+h^ and hn^i^ 
&H2) are more complicated than the ones in the autonomous case. 
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